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1 Historical Background and Basic Theory

1.1 What is an "“integer partition"?
The following definition is offered in [1]:

Definition 1.1 An integer partition is a way of splitting a number into integer
parts.

The idea is very simple, as shown in the following example. Consider the integer
5. The question to ask is: how can 5 be written as a combination of positive integers less
than or equal to 5? By simple inspection, we yield the following list of answers:

5 4+1 3%3+2,. 34+1+1. 24+2+1. 24+1+1+1, 14+14+14+1+1

Each of the elements of this list is itself a partition, and the numbers in each partition are
referred to as parts . As one may clearly deduce, the larger the number, the more
partitions it has. Also of note is the factthat Z+1 4+ 1+ L1 isthesameas 1+ 2+ 1+ 1,
that is, order is not accounted for. Typically, the parts of a partition are written in
nonincreasing order. It is also commonly accepted that the function (), where n is a
positive integer, is the function which counts the number of partitions of =.

The next question typically asked by one who studies partitions is, ~"What different
restrictions can | put on two sets of partitions to yield the same number of partitions?" As
described in [1], the great mathematician Leonhard Euler asked this question and
provided a host of solutions, most commonly referred to as Euler Identities. For example,
let's again consider the number 5. Consider first the partitions of 5 that contain only
distinct parts:

5 4+1 3+2

Now, consider partitions of 5 containing only odd parts:
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5 3+1+1 1+1+1+1+1
As is easily seen, both of the lists contain the same number of partitions. Indeed, one can
show that for any positive number, the number of partitions into odd parts is exactly the
number of partitions into distinct parts. In fact, the following stronger statement is true,
where g(r) is the number of partitions of .

Theorem 1.2 (Euler Pairs)

p(n with parts in N} = p(n with distinct parts In M} for n = L,
where N is any set of integers such that no element of N is a power of two times an
element of N, and M is the set containing all elements of N together with all their
multiples of powers of two.

1.2 Congruences
Definition 2.1 Consider two integers m and n. If n has remainder r when divided
by m, then n is said to be congruent to r modulo m, denoted by
nET (mod m).

In the above definition, if n is divisible by m, then this means = = @. Thus
1 = 0(med m). For further understanding, refer to the following example.

ExamplelLetm=4. leta =1, b=6,c=—1,d =16, ¢ = 26, and

= —15. Then
a=1 (modd4), d=0 (mod4)
=2 (mod4), e=2 (mod4),
c=3 (mod4), F=1 (mod«).

1.3 Generating Functions

As discussed in [1], the entire idea of generating functions for integer partitions
lies solely on the following fact:

qﬁ % q?.' — qﬁ"ﬂi‘

To use this fact in finding all integer partitions with one even part and one odd part, each
of which is less than 5, consider the following:

EQ‘E 4 Ef';}f\ff"'l' EEE_:[ = clEE'll:l.__l_ clEE'llﬂ +4 qu:L 4 Q"HE (131)
mgdtgisgf+gl (1.3.2)
=g +2¢%+¢q". (1.3.3)
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Upon further inspection, it is obvious that (1.3.1) lists in each exponent all of the
partitions satisfying the aforementioned condition. This can be generalized. Let
5= fmy,.mg. g, With each mn, a positive integer. Then  consider
(L+g™J(L+ g™)(L+q™)
- 1+I:E.-:.-_+ ﬂf”“'i‘ EEHE"I' E.-h_'l-.-:a 4 q.-r.-_'l'.-:i__l_ g_r"*a""*i— 4 q"*-."""‘a"""‘i-. (134)
This expression displays all partitions using distinct members of the set 5.
Example 2 Let § = {1,2,3}. Then the polynomial from (1.3.4) becomes:

1+g+q°+2¢*+¢*+65+a°
With that in mind, the following definition is now available.

Definition 3.1 A polynomial or power series whose coefficients represent the
number of partitions of its exponents is called a generating function . This function also
allows for certain restrictions to be placed upon the parts.

In Example 2, the generating function is counting the number of partitions into distinct
elements from the set S. This leads to the following fact for a set of positive integers

S = {Fiy, gy v, 0
Zrve Pn with distinet partzin Sig® = [llzy (14 ™) = [las (L+g")

This can also be used if we want to allow parts to only repeat a certain number of times.
For instance, suppose we want each part to appear up to 3 times in any partition, and that
we only want to use parts from § = {n,,w,}. Then,

El'l' CEH'- + qilf.t=-l-i--'.l,_ + qi-h_-l-n.._-l-n-_:[cl + q”a + q?ia'l'i'}-_ + E”a"”a"‘*a?{

-— 1 _I_ qi'?5 _I_ qi'?yi‘i'?h _I_ qi'fh'i‘i'?ﬁ'i‘i'?h _I_ qi'h_ _I_ qi'h_'h'?h + qi'h_'i‘i'?a'i‘i'?h
_I_q?‘i.-_'l'?‘ia'l'?‘ih-l'?‘ih 'I' q?‘h_'l'?‘h_ 'I' q?‘h_'l'?‘h_'l'?‘ia 'I' qri.-_-l-rh_-l-ﬂa-l-ﬂa
_|_qn._-ln._-in,,-ln,,-ln,, 4 qr;-,_-n;-,_-n;-,_ 4 rE;'z‘._-ll;-z‘._-ll;'z‘._rll;-z‘,, 4 G.E.;'z‘._-ll;l'u'._-ll;-e._-ll;'z‘,a,-ll;-z‘b
+q?},_-|-r}._-|- Mg Tt Mg Ty

= ..o P(rwith parts in {n,, 1, ) no part repeated mors than 3 tmes) g®.
If § = {114, w75, }, then

Lwwn Pl with parts in $.none repeated mors than d times)g™

e
- nrlﬂ_ E1+ qﬁi + qﬁi"i‘}i + |||.+ qirl‘i"“"'i'}i')
- n;‘lu_ E:l-'l' g™+ Q‘EHE e qd‘ﬁ‘;:]

(1 g BT BT 1 g LT RTH
- HE’-:.":'.;an?l = Tlyas =

The end of the previous list of equalities is true due to the following known formula for
the finite geometric series:
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By letting ¢ — @, we can see that the generating function is still meaningful for letting
parts appear an arbitrary number of times. We now must require |¢g| = 1, which is not a
problem since we do not substitute a value for g. So, for |g| = 1,

Erﬂ-l} p(lﬁ m-th IJEII‘tS 11152[@” = n:::l. E1+ qﬂi + Q‘Eﬁi + III:]
- nﬁ 1 - n Y
= hdml ﬂ_-q"li = naf Lmgli"

Here, the formula for an infinite geometric series was used:
1
E;E{- xf =1__xr |x| w1

Thus, we have a representation for the generating functions of the number of partitions
for many more cases than we did originally. These generating functions are instrumental
for successfully proving results.

2 Definitions, Notation and Terminology

2.1 What is an “overpartition™?

In the study of partitions there are always new constructions appearing. Consider
n = 5, We already know its partitions:

S 441 34434141, 245+, A2 HTHT AL T HTHTIHT 4

Our new objective is to expand these results into some sort of new idea, then see if our
new list has any interesting properties. And, if our new construction is done well enough,
our ultimate goal is to relate it back to unrestricted integer partitions. So, let's consider a
new list, with each element abiding by these rules:

* It is a partition of n.

* The first occurence of any part may be overlined.
So, how does this change our list for 7= = 5? Our new list is as follows:

5, 441 3+2 34141 2+241, 2+1+1+1,
1+141-+141 5 4+1, 4+1, 441, 542,
3+2 3+2 34+14L 34141, 3+1+1,
Z+24+T, 24241, 2+2+T,2+T+1+1
2+1+1+1, Z24+1+1+1 1+1+1+1+1

This example motivates the following definition, as stated in [6].

Definition 1.1 An overpartition of n is a non-increasing sequence of natural
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numbers whose sum is n in which the first occurrence of a number may be overlined.

Throughout, the number of overpartitions of a number = will be denoted by #(],
with 2(&} = 1. Also from [6] we have the following generating function for p{r):

n Int
Do Pimle® = e T = 1+42¢+ 4974 8¢% 4+ 4% 4+

2.2 Overpartition Pairs and k-tuples

Overpartitions have been studied quite a bit recently, such as in [4], [5], [7], [9],
and [12]. As an expansion of overpartitions, the following new construction appeared in
[10].

Definition 2.1 An overpartition pair {4, ) of n is a pair of overpartitions where
the sum of all listed parts is n.

Example 3 The overpartition pairs for # = Z are:
(2;0),(2; @, (1+1; O, (I+1; O,
(L1 (L 1) (L 1) (13 1) (0 2),
(@ ; 25 (¥; 141 (¥; 1+1).

The number of overpartition pairs of n were denoted in [10] by Z@(t). Also in

[10], it was discovered that the generating function for g (=) is
i, &

Trae PP = Mfwy (5] = 14 4q+ 12¢% + 32¢°+ 76" + -

This generating function was derived from the generating function for overpartitions.
Noting how similar this generating function looks compared to the generating function
for (), one can now expand on this idea easily.

Definition 2.2 An overpartition k-tuple of n is a k-tuple of overpartitions
(Aqr e » 4 ) Wherein all listed parts sum to n.

We will denote the number of overpartition k-tuples by %, (), which
subsequently means pg(m) = &, (). Based on the generating function for overpartition

pairs, it is clear that the generating function for overpartition k-tuples is
— 14g ™"
Do Fulm)q® = T, (B)

3 Known Congruences

3.1 Ramanujan

The great mathematician Srinivasa Ramanujan (1887-1920) discovered and
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proved countless theorems in many fields, including number theory. Directly pertinent to
this study, and providing most of the inspiration, are the following congruences that
Ramanujan proved about partitions.

Theorem 1.1 For all 1 = @,
w(Sn+4 =0 (mod5),
p(Tr+5 =0 (mod7).and
plin+6)=0 (modll).

For example, here are tables showing @{n) for some values of 5m+#, 7n +35, and
1lm + G,

n| Sut4| p(bunt4l n| Ton+h | p(In+5) n| 1Tlw+6 | p(11nm -+ a)
0] 4 5 0[5 7 0] 6 11

119 30 1] 12 77 1| 17 297

2| 14 135 2| 19 490 2| 28 3718
3119 490 3] 26 2436 3] 39 31185

41 24 1575 41 33 10143 41 50 204226

3.2 Overpartition and Overpartition Pair Congruences

Similar to the above, there are many interesting congruences related to #{r) and
7, (1. Some are straightforward, and others take a bit of work to prove. The following is

a table of the first few values of the overpartition function.

p(n)

2
4
8
14
24
40
64
100
154
232

Blo|o|No|o|swN|-| =

Clearly, it appears that all of the values for @(z) are even. In fact, the next theorem
proves just that.
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Theorem 2.1 Forallm = 1, Flxl =& (ned Z).

Proof.
i i
- 14 14g'=
Zn=o Plmle™ =TI, ﬁrE Iz, ﬁi (mod Z)
- nm: ﬂ-‘?‘
imyl g__a-i
=1.

Therelvore, Efe, Plon)g™ =1 (med 2)
=1g" + 0¢* + 0+ 0¥+ (med 2).
Since the coefficients of the terms on the right correspond to the same ones on the left,
we see that for mz= 1, @(m) = & (mod 2.

The next theorem follows from results in [11].
Theorem 2.2 For all & = @,
- & (mod4) Ifnlsaaquare
Fin) = EEI (med4) othervise.

Here's a table of the first twenty values for the overpartition function. It is easy to see that
p(n) = 0(mod 4] for all n that are not square.

n | F(n) n | Ful n | pin) n | @)
1] 2 6 | 40 11| 344 16 | 2062
2| 4 7 | 64 12 | 504 17 | 2864
3|8 8 | 100 13| 728 18 | 3948
41 14 9 | 154 14 | 1040 19 | 5400
5| 24 10 | 232 15 | 1472 20 | 7336

The next two theorems, proved in [8], are a little more involved.
Theorem 2.3 Let 7_ () be the number of overpartitions of n into odd parts. Then

— = EE (mod4) 1fmis asquare or i« 1s twice a square;
P () = 0 (mod4) othervise.

Theorem 2.4 Let g, (1)} be the number of overpartitions of n into odd parts. Then,
for all n = @ and for all & = @,
H(e(n+6)} m ¢ (medl2) and
Hl9%(2n+ 9} m € (mod6&)

Finally, we have a theorem in the spirit of Ramanujan about overpartition pairs, as proven
in [2].
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Theorem 2.5 For all natural numbers n,
7y (¥ + 2) m 0(mod ¥).
What follows is a table of the first 15 values for the overpartition pairs function. In
checking the function for values of 3n 4+ 2, one can see that they are all divisible by 3.

n| 7, | By n | B,
114 6 | 352 11 | 8160
2] 12 7 | 704 12 | 14176
3|32 8 | 1356 13 | 24168
4176 9 | 2532 14 | 40512
5| 168 10 | 4600 15 | 66880

4 New Results

The major goal of this research is to see if previous results about overpartitions
and their pairs could be extended to similar results for overpartition k-tuples. The
forthcoming results accomplished this goal and more. In fact, a few of the
aforementioned theorems can be more easily proven now, as they are simply corollaries
of the new results.

Theorem 4.1 For all n==0 and all nonnegative integers =, we have
Pun) = 0 (mod2™*).

Proof. oM
Zomg Fyn(m)g™ = Iliay [:_jg]‘
=l %"L‘] (mod 27*%)
- Mz, [ 480202

b= otk
- I.-Em
=i 152 L:w ]

= ITias |: = Eﬂm} - [-‘:—l"jnflj-} ]'h}* [8, Theorem 5.2.1]

= ”t - [1_|_ gmEL (1- gt } + Zm'”' _ 1:1 (,.“—n.;q- }

5 oeap gimRd —1}[ “":_‘j:'iw} -1 + zi® [ “":-‘:r:':-q}

= 1 EITDCL gm'ﬂ.-l

Thus, the congruence shown is
i Pmlnle™ = 1 (med2™)
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= 14 0g+ 0g°+ 0"+ (med 277,
Since coefficients on either side correspond, and &, (@) = 1 by definition, the preceding
implies

Pmin) = O(med 2WL)
for all = == @ and for all nonnegative integers m.

With this theorem in hand, a broader theorem is easily proved.

Theorem 4.2 Let 7, (w) count the number of overpartition k-tuples of n. Let
k=(Z™)r, where m is a nonnegative integer and r is odd. Then, for all positive integers n,
P.(n) m Q(meod2™y,

Proof.
r 20

Eo P, (0™ = TS, [122] =TI | 25
()
)

mod Em'”':l using Theorsm 4.1
(mr.:-r.:l 2mily,

Just as in Theorem 4.1, the result follows.

After acquiring Theorems 4.1 and 4.2, it seemed something may also occur when
k and the modulus are simply prime. This is indeed the case as the next theorem shows.

Theorem 4.3 For all & == ¢ and all = such that # a4 (meod r*), where r is an
odd prime, we have

Prln)=0 (medr)

Proof.
L . EE
Znmg F(m)g™ = JTiay [ﬁ} = Il -::"ar

- 1
=I5, ﬁﬁr(mod ),

Upon expanding this last product as a power series, the only surviving (non-zero)

exponents remaining are all multiples of r*. Thus, & »(x) m ¢(med ) for all positive

integers & and for all & = @(med r*).
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5 The Road Ahead

The new results from the last section are only the beginning of the discovery of
many results for overpartition k-tuples. From here, the goal is to find other congruences
and identities for different overpartition k-tuples. Some possibilities include:

Conjecture 5.1 For all 1 = &,

pq‘_l(qn +ri=0 (meodgq)
where q is prime and r is a quadratic nonresidue mod g.

Theorem 2.5 is a direct corollary of the preceding conjecture.

Conjecture 5.2 For all integers =z = @, we have

P (i) m EE”“'”' (med 2™*%) if n 1z a square or twice a squars,
o 0 (meod 2™*%)  otherwlse.

Conjecture 5.3 Let 7, (m) count the number of overpartition k-tuples of n. Let

k=(2™)r, m = 0 and r is odd. Then,
27 (med 277w le s syuary or belos @ syuars,

P(m) = EE' (med 2™*%)  othervwise.

Conjectures 5.2 and 5.3 simply involve raising the power of two in the modulus.
They are also inspired by [11]. From here, the intention is to ultimately write a paper co-
authored with Dr. Sellers and fellow Penn State student Derrick Keister and publish it in
a peer-reviewed journal. It will be submitted by October 2008.
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